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SMALL SPHERE LIMIT OF THE QUASI-LOCAL ENERGY WITH
ANTI DE-SITTER SPACE REFERENCE
PO-NING CHEN
Abstract. In [13], a new quasi-local energy is introduced for spacetimes with a non-
zero cosmological constant. In this article, we study the small sphere limit of this newly
defined quasi-local energy for spacetimes with a negative cosmological constant. For such
spacetimes, the anti de-Sitter space is used as the reference for the quasi-local energy.
Given a point p in a spacetime N , we consider a canonical family of surfaces approaching
p along its future null cone and evaluate the limit of the quasi-local energy. The optimal
embedding equation which identifies the critical points of the quasi-local energy is solved
in order to evaluate the limit. Using the optimal embedding, we show that the limit
recovers the stress-energy tensor of the matter field at p. For vacuum spacetimes, the
quasi-local energy vanishes to a higher order. In this case, the limit of the quasi-local
energy is related to the Bel–Robinson tensor at p.
1. Introduction
In general relativity, a spacetime is a 4-manifold N with a Lorentzian metric gαβ satis-
fying the Einstein equation
Rαβ − R
2
gαβ + Λgαβ = 8πTαβ ,
where Rαβ and R are the Ricci curvature and the scalar curvature of the metric gαβ ,
respectively. The constant Λ is called the cosmological constant. On the right hand side
of the Einstein equation, Tαβ is the stress-energy tensor of the matter field. For a vacuum
spacetime where Tαβ = 0 (which implies Rαβ = Λgαβ), the gravitational energy is typically
measured by the Bel–Robinson tensor [3]
Qµναβ =W
ρ σ
µ αWρνσβ +W
ρ σ
µ βWρνσα −
1
2
gµνW
ρστ
α Wβρστ ,
where Wαβγδ is the Weyl curvature tensor of the spacetime N . The stress-energy tensor
and the Bel–Robinson tensor are useful in studying the global structure of the maximal
development of the initial value problem in general relativity, see for example [4, 14].
When studying different notions of quasi-local energy, it is natural to evaluate the large
sphere and the small sphere limits of the quasi-local energy to compare with the canonical
measures of the gravitational energy in these situations. One expects the following [15, 29]:
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1) For a family of surfaces approaching the infinity of an isolated system (the large
sphere limit), the limit of the quasi-local energy recovers the total energy-momentum of
the isolated system.
2) For a family of surfaces approaching a point p (the small sphere limit), the limit of
the quasi-local energy recovers the stress-energy tensor in spacetimes with matter fields
and the Bel–Robinson tensor for vacuum spacetimes.
For spacetimes with Λ = 0, there are many works on evaluating the large sphere and
the small sphere limits of different notions of quasi-local energy. See for example [5, 6, 10,
12, 18, 19, 22, 23, 24, 27, 31, 32, 33]. The list we give here is by no means exhaustive. For
a more comprehensive review of different notions of quasi-local energy and their limiting
behaviors, see [28] and the references therein. In a sequence of papers with Wang and Yau
[10, 12, 31], the above properties are confirmed for the Wang–Yau quasi-local energy. In
particular, the small sphere limit of the Wang-Yau quasi-local energy is evaluated in [12]
for a canonical family of surfaces approaching a point along its future null cone.
In [13], quasi-local energy and quasi-local conserved quantities are defined for spacetimes
with a non-zero cosmological constant. In the same paper, the large sphere limit of the
newly defined quasi-local conserved quantities is evaluated for asymptotically AdS initial
data sets. It is proved that the large sphere limit of the quasi-local conserved quantities
recovers the total conserved quantities for such initial data sets [1, 2, 16, 17, 20, 21]. In
this article, we evaluate the small sphere limit of the new quasi-local energy and confirm
the second expected property.
The construction of the quasi-local energy is based on the Hamilton–Jacobi analysis of
the gravitational action using isometric embedding of the surface into the reference space
as the ground state. That is, an energy is assigned to each pair of an isometric embedding
of the surface into the reference space and an observer Killing field in the reference space.
For Λ = 0, the reference space for the Wang-Yau quasi-local energy is the Minkowski space.
On the other hand, for Λ < 0, the reference space is the anti de-Sitter space (AdS space).
The quasi-local mass is then defined to be the minimum of the assigned quasi-local energy
among all possible pair. The Euler–Lagrange equation for this energy functional is referred
to as the optimal embedding equation.
To evaluate the small sphere limit of the quasi-local energy, we first study the limiting
behavior of the optimal embedding equation. For the Wang–Yau quasi-local energy, the
optimal embedding equation is studied in details in [9, 10, 11, 26] which played an im-
portant role in [12] for evaluating the small sphere limit. For spacetimes with a negative
cosmological constant, the AdS space is used as the reference and the optimal embedding
equation is more complicated for the following reasons:
1) While the existence of the isometric embedding is guaranteed by the work of [25] by
Lin and Wang, the isometric embedding has to be solved explicitly to evaluate the small
sphere limit. For the AdS space, the static potential is coupled to the isometric embedding
equation and makes it more difficult to solve explicitly.
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2) The kernel for the optimal embedding is larger. In both [12] and this article, the
optimal embedding equation for a surface in the reference space is used extensively to
simplify the optimal embedding equation for the physical surface. However, due to the
difference in the set of observer Killing field, the kernel of the optimal embedding equation
for the AdS space is larger than that of the Minkowski space. This creates new difficulties
in solving the optimal embedding equation.
Due to the above difficulties, for the AdS reference case, we can not recover all the general
theorems in [9, 10, 11, 26] concerning the optimal embedding equation of the Wang-Yau
quasi-local energy. Nevertheless, we are able to obtain the results necessary to evaluate
the small sphere limit. For a spacetime with matter fields, there is a unique choice of
the leading term of the observer killing field such that the leading term of the optimal
embedding equation is solvable. However, for a vacuum spacetime, the quasi-local energy
vanishes to higher order and the invertibility of the optimal embedding equation is more
subtle. In fact, the leading order term of the optimal embedding equation is solvable for
any choice of the observer killing field T0. We will compute the qausi-local energy for each
T0 and the corresponding solution to the optimal embedding equation.
The structure of this article is as follows: In Section 2, we review the AdS space and
its Killing fields. In Section 3, we review the quasi-local energy with reference in the AdS
space. In Section 4, we describe the setting for the small sphere limit. In Section 5, we
compute the expansions of the induced metric, the second fundamental forms and the
connection 1-form in the small sphere limit. Using the expansions, we expend the optimal
embedding equation in Section 6 and compute the non-vacuum small sphere limit of the
quasi-local energy in Section 7, see Theorem 7.1. The rest of the article is devoted to
the small sphere limit in vacuum spacetimes. In Section 8, for each observer Killing field,
we compute the leading order term of the isometric embedding solving the leading order
term of the optimal embedding equation. The isometric embedding, which depends on the
choice of the observer T0, is denoted by Y (T0). In the next four sections, the quasi-local
energy associated to the pair (Y (T0), T0) is computed. Section 9, 10 and 11 are used to
compute the three separate terms in the quasi-local energy and these results are combined
in Section 12 to evaluate the limit of the quasi-local energy, see Theorem 12.1.
2. Anti de-Sitter space and its Killing fields
We review the AdS space and its Killing fields in this section. Take R3,2 with the
coordinate system (y0, y1, y2, y3, y4) and the metric
−(dy4)2 +
3∑
i=1
(dyi)2 − (dy0)2.
The AdS space can be identified with the hypersurface in R3,2 given by
−(y4)2 +
3∑
i=1
(yi)2 − (y0)2 = − 1
κ2
.
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Consider the following parametrization of AdS space:
y0 =
√
1
κ2
+ r2 sin t
y1 = r sin θ sinφ
y2 = r sin θ cosφ
y3 = r cos θ
y4 =
√
1
κ2
+ r2 cos t.
This gives the static chart of the AdS space
−(1 + κ2r2)dt2 + dr
2
(1 + κ2r2)
+ r2(dθ2 + sin2 θdφ2)
and V =
√
1 + κ2r2 be the static potential of the AdS space.
The group SO(3, 2) leaves this hypersurface invariant and thus the isometry group of
the AdS Space is SO(3, 2), which is 10 dimensional. In particular, a Killing field of the
AdS space can be written as
(2.1) K = A(y0
∂
∂y4
− y4 ∂
∂y0
)−Bi(y0 ∂
∂yi
+ yi
∂
∂y0
)−Cj(y4 ∂
∂yj
+ yj
∂
∂y4
) +Dpǫpqry
q ∂
∂yr
.
For simplicity, we will write K = (A, ~B, ~C, ~D) and consider ~B, ~C, and ~D as vectors in R3.
An observer Killing field T0 is a timelike hypersurface-orthogonal Killing field such that
min−〈T0, T0〉 = 1.
The observer Killing fields in the AdS space are characterized in [8, Proposition 3.1].
Proposition 2.1. A Killing field K of the form (2.1) is an observer Killing field if and
only if
A~D =− ~B × ~C
A >max{| ~B|, | ~C |, | ~D|}
and
A2 + | ~D|2 − | ~B|2 − | ~C|2 = κ2.
Remark 1. Proposition 3.1 of [8] states the above result for κ = 1. It is straightforward
to recover the result for general κ from the proof.
Remark 2. In particular, for an observer Killing field, we have
(2.2) A ≥
√
κ2 + | ~C|2
We will later normalize our spacetime by choosing κ = 1. This corresponds to Λ = −3
in the Einstein equation.
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3. Quasi-local energy with anti de-Sitter reference
In this section, we review the quasi-local energy with reference in the AdS space defined
in [13]. Let Σ be a closed embedded spacelike 2-surface in a spacetime N . We assume
the mean curvature vector H of Σ is spacelike. Let J be the reflection of H through the
future outgoing light cone in the normal bundle of Σ. The data used in the definition of
the quasi-local energy is the triple (σ, |H|, αH ) on Σ where σ is the induced metric, |H|
is the norm of the mean curvature vector, and αH is the connection 1-form of the normal
bundle with respect to the mean curvature vector
αH(·) = 〈∇N(·)
J
|H| ,
H
|H| 〉
where ∇N is the covariant derivative in N .
Given an isometric embedding Y of Σ into the AdS space and the observer Killing field
∂
∂t
, let τ be the restriction of t to Y (Σ). Suppose the projection Ŷ of Y (Σ) onto the static
slice t = 0 is embedded, and denote the induced metric, the second fundamental form, and
the mean curvature of the image surface Σ̂ of Ŷ by σˆab, hˆab, and Ĥ, respectively. The
quasi-local energy E(Σ, Y, ∂
∂t
) of Σ with respect to the pair (Y, ∂
∂t
) is
E(Σ, Y,
∂
∂t
) =
1
8π
{∫
V ĤdΣ̂−
∫ [√
(1 + V 2|∇τ |2)|H|2V 2 + div(V 2∇τ)2
− div(V 2∇τ) sinh−1 div(V
2∇τ)
V |H|
√
1 + V 2|∇τ |2 − V
2αH(∇τ)
]
dΣ
}
,
(3.1)
where ∇ and div are the covariant derivatives and the divergence with respect to the
induced metric σ of the surface Σ, respectively.
Let H0 and αH0 be the mean curvature vector and the connection form of Y (Σ) in the
AdS space. In terms of H0 and αH0 , we have
E(Σ, Y,
∂
∂t
) =
1
8π
{∫ [√
(1 + V 2|∇τ |2)|H0|2V 2 + div(V 2∇τ)2
− div(V 2∇τ) sinh−1 div(V
2∇τ)
V |H0|
√
1 + V 2|∇τ |2 − V
2αH0(∇τ)
]
dΣ
−
∫ [√
(1 + V 2|∇τ |2)|H|2V 2 + div(V 2∇τ)2
− div(V 2∇τ) sinh−1 div(V
2∇τ)
V |H|
√
1 + V 2|∇τ |2 − V
2αH(∇τ)
]
dΣ
}
.
(3.2)
While the above expressions seems to depend on the choice of the static chart, we can
rewrite it purely in terms of the isometric embedding Y and the observer ∂
∂t
. In fact,
V 2 =− 〈 ∂
∂t
,
∂
∂t
〉
V 2∇τ =− ( ∂
∂t
)⊤,
(3.3)
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where ( ∂
∂t
)⊤ denotes the tangential component of ∂
∂t
to Y (Σ). This allows us to define
E(Σ, Y, T0) for each pair of an isometric embedding Y and an observer Killing field T0
using (3.1) via (3.3). Equivalently, we can define E(Σ, Y, T0) as follows:
Definition 1. The quasi-local energy E(Σ, Y, T0) of Σ with respect to the pair (Y, T0) of
an isometric embedding Y and an observer T0 is
8πE(Σ, Y, T0)
=
∫
Σ
[√
−〈T⊥0 , T⊥0 〉|H0|2 + div(T⊤0 )2 − div(T⊤0 ) sinh−1
div(T⊤0 )
|H0|
√
−〈T⊥0 , T⊥0 〉
+ αH0(T
⊤
0 )
]
dΣ
−
∫
Σ
[√
−〈T⊥0 , T⊥0 〉|H|2 + div(T⊤0 )2 − div(T⊤0 ) sinh−1
div(T⊤0 )
|H|
√
−〈T⊥0 , T⊥0 〉
+ αH(T
⊤
0 )
]
dΣ.
where T⊥0 is the normal part of T0 to Y (Σ).
Remark 3. From the above formulation, it follows that the quasi-local energy E(Σ, Y, T0)
is equivariant. Namely, that the energy is invariant if an isometry of the AdS space acts
on Y and T0 at the same time.
It is convenient to rewrite the quasi-local energy in terms of the quasi-local energy density
and the quasi-local momentum density.
Definition 2. The quasi-local energy density with respect to (Y, T0) is defined to be
f =
√
|H0|2 + div(V
2∇τ)2
V 2+V 4|∇τ |2
−
√
|H|2 + div(V 2∇τ)2
V 2+V 4|∇τ |2
V
√
1 + V 2|∇τ |2 .
(3.4)
The quasi-local momentum density with respect to (Y, T0) is defined to be
(3.5) j = fV 2dτ − d[sinh−1(fdiv(V
2∇τ)
|H0||H| )]− αH0 + αH .
In terms of f and j, we have
(3.6) E(Σ, Y, T0) = − 1
8π
∫
Σ
[
〈T0, T0〉f + j(T⊤0 )
]
dΣ
The first variation of the quasi-local energy is evaluated in [13, Theorem 5.4]. It will be
used later in Lemma 6.2. For reader’s convenience, the formula will be recalled in the proof
of Lemma 6.2.
4. The small spheres
We setup the small sphere limit as in [12]. Let p be a point in a spacetime N . Let Cp
be the future null hypersurface generated by future null geodesics starting at p. Pick any
future directed timelike unit vector e0 at p. Using e0, we normalize a null vector L at p by
〈L, e0〉 = −1.
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We consider the null geodesics of the normalized L and let r be the affine parameter of
these null geodesics. Let Σr be the family of surfaces on Cp defined by the level sets of the
affine parameter r. The inward null normal L of Σr is normalized so that
〈L,L〉 = −1.
We parametrize Σr in the following way. Consider a smooth map
(4.1) X : S2 × [0, ǫ)→ N
such that for each fixed point in S2, X(·, r), r ∈ [0, ǫ) is a null geodesic parametrized
by the affine parameter r, with X(·, 0) = p and ∂X
∂r
(·, 0) ∈ TpN a null vector such that
〈∂X
∂r
(·, 0), e0〉 = −1 . Let L = ∂X∂r be the null generator, ∇NL L = 0. We also choose a local
coordinate system {ua}a=1,2 on S2 such that ∂a = ∂X∂ua , a = 1, 2 form a tangent basis to Σr.
Let L be the null normal vector field along Σr such that 〈L,L〉 = −1. Denote
lab =〈∇N∂a∂b, L〉
nab =〈∇N∂a∂b, L〉
ηa =〈∇NL ∂a, L〉
for the second fundamental forms in the direction of L and L and the connection 1-form
in the null normal frame, respectively. We consider these as tensors on S2 depending on r
and use the induced metric on Σr, σab = 〈∂a, ∂b〉, to raise or lower indexes. We have
∇N∂aL = −lca∂c − ηaL
∇N∂a∂b = γcab∂c − labL− nabL
∇N∂aL = −nca∂c + ηaL,
(4.2)
where γcab are the Christoffel symbols of σab. Let
lˆab =lab − 1
2
(σcdlcd)σab
nˆab =lab − 1
2
(σcdlcd)σab
be the traceless part of lab and nab.
The following identities for covariant derivatives are useful.
∇NL ∂a =− lca∂c − ηaL
∇NL L =− ηb∂b.
We consider σab, lab, nab, ηa as tensors on S
2 × [0, ǫ), or tensors on S2 that depend on the
parameter r. We shall see below that they have the following expansions.
σab = σ˜abr
2 +O(r3), lab = −σ˜abr +O(r2), nab = 1
2
σ˜abr +O(r
2), ηa =
1
3
βar
2 +O(r3)
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where βa = limr→0RLaLL is considered as a (0, 1) tensor on S
2, σ˜ab denotes the standard
metric on unit S2. Let ∇˜ and ∆˜ be the covariant derivative and the Laplacian with respect
to σ˜ab, respectively.
We shall also consider the pull-back of tensors from the null hypersurface. For example,
we consider R(L, ·, L, L) as a tensor defined on Cp and take its pull-back through (4.1),
which is then consider as a (0, 1) tenors on S2 that depends on r (or on S2 × [0, ǫ)). We
shall abuse the notations and still denote the pull-back tensor by RLaLL. In particular,
RLabL, RLaLL, RLLLL are considered as r dependent (0, 2) tensor, (0, 1) tensor, and a scalar
function on S2, respectively, of the following orders
RLabL = O(r
2), RLaLL = O(r) and RLLLL = O(1).
We first write down the expansions of L and ∂a. Let x
0, xi, i = 1, 2, 3 be a normal
coordinates system at p such that the original future timelike vector e0 ∈ TpN is ∂∂x0 . The
parametrization (4.1) is given by
X(ua, r) = X0(ua, r)
∂
∂x0
+Xi(ua, r)
∂
∂xi
with the following expansions:
X0(ua, r) = r +O(r2)
Xi(ua, r) = rX˜i(ua) +O(r2),
where X˜i(ua) are the three first eigenfunctions of the standard metric σ˜ab on S
2. For
example, if we take the coordinates ua, a = 1, 2 to be the standard spherical coordinate
system θ, φ with σ˜ = dθ2+sin2 θdφ2, then X˜1 = sin θ sinφ, X˜2 = sin θ cosφ, and X˜3 = cos θ.
In particular,
L =
∂X
∂r
=
∂
∂x0
+ X˜i(ua)
∂
∂xi
+O(r)
∂a =
∂X
∂ua
= r
∂X˜i
∂ua
∂
∂xi
+O(r2), a = 1, 2.
(4.3)
5. The Expansion of the physical data
In this section, we compute the expansions of the induced metric, the second fundamental
forms and the connection 1-form of Σr. We compute the expansion of the geometric
quantities in terms of the affine parameter r. In the first subsection, we state the expansion
in non-vacuum spacetimes. The result is exactly the same as in Section 3.1 of [12]. We
collect these results in the first subsection to be used later. In the second subsection, we
derive the expansion in vacuum spacetimes with Λ = −3.
5.1. Leading order expansion in non-vacuum spacetimes. The geometric quantities
satisfy the following differential equations:
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Lemma 5.1. The induced metric, the second fundamental forms and the connection 1-form
satisfy the following differential equations:
(5.1) ∂rσab = −2lab
(5.2) ∂rlab = RLabL − laclcb
(5.3) ∂rnab = RLabL − lcbnac +∇aηb − ηaηb
(5.4) ∂rηa = RLaLL + l
b
aηb
(5.5) ∂r(σ
ablab) =
1
2
(σablab)
2 + lˆbalˆ
a
b +Ric(L,L)
(5.6) ∂r(σ
abnab) = Ric(L,L) +RLLLL + l
abnab + divση − ηaηa.
Ric and Rαβγδ are the Ricci curvature and the full Riemannian curvature tensor of the
spacetime N, respectively.
We have the following expansions for the curvature tensor:
RLabL =r
2R¯LabL +O(r
3)
RLaLL =rR¯LaLL +O(r
2)
RLLLL =R¯LLLL +O(r),
(5.7)
where R¯LabL, R¯LaLL and R¯LLLL correspond to the appropriate rescaled limit of the respec-
tive tensors as r → 0. For example,
R¯LabL = lim
r→0
1
r2
RLabL = R(
∂
∂x0
+ X˜i
∂
∂xi
,
∂X˜j
∂ua
,
∂X˜k
∂ub
,
∂
∂x0
+ X˜ l
∂
∂xl
)(p).
It is considered as a (0, 2) tensor on the standard S2.
Lemma 5.2. We have the following expansions:
lab =− rσ˜ab + 2
3
r3R¯LabL +O(r
4)(5.8)
σab =r
2σ˜ab − 1
3
r4R¯LabL +O(r
5)(5.9)
lca =− r−1δca +
1
3
rR¯LabLσ˜
bc +O(r2)(5.10)
ηa =
1
3
r2R¯LaLL +O(r
3)(5.11)
σablab =− 2
r
+
1
3
rR¯ic(L,L) +O(r2)(5.12)
σabnab =
1
r
+ r[R¯LLLL +
2
3
R¯ic(L,L) +
1
6
R¯ic(L,L)] +O(r2).(5.13)
In summary, we have the following expansions on the surfaces Σr:
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Lemma 5.3. We have the following expansions for the data (σ, |H|, divαH ) on S2:
σab =r
2σ˜ab − 1
3
r4R¯LabL +O(r
5)
|H|2 = 4
r2
+ [2R¯LLLL +
4
3
R¯ic(L,L) +
1
3
R¯ic(L,L)] +O(r)
divσαH =∆˜
[
1
2
R¯LLLL +
1
6
R¯ic(L,L) +
1
3
R¯ic(L,L)
]
− R¯LLLL − 1
3
R¯ic(L,L)− 1
6
R¯ic(L,L) +O(r).
(5.14)
5.2. Further expansions in vacuum spacetimes. In this subsection, we assume the
spacetime is vacuum and compute the higher order terms in the expansions for the physical
data. Enough expansions are obtained to evaluate the leading term of the small sphere
limit of the quasi-local energy. In a vacuum spacetime, the only non-trivial components of
the curvature tensor are the Weyl curvature tensor. We have
Rαβγδ =Wαβγδ + κ
2(gαγgβδ − gαδgβγ)
and
Ricαδ = −3κ2gαδ .
In terms of the null frame {ea, L, L}, we have
RaLbL =WaLbL
RaLbL =WaLbL − κ2gab
RaLLL =WaLLL
RLLLL =WLLLL − κ2.
We decompose the Weyl curvature tensor at the point p using the null frame {ea, L, L}
following the notation of Christodoulou and Klainerman in [14]:
αab = W¯aLbL αab =W¯aLbL
βa = W¯aLLL βa =W¯aLLL
ρ = W¯LLLL σ =ǫ
abW¯abLL.
From the vacuum condition and the Bianchi equations, we obtain the following relations:
W¯LabL =
1
2
σ˜abρ+
1
4
ǫabσ
W¯abcL = −ǫabǫcdβd
W¯abcL = ǫabǫcdβ
d
W¯abLL =
1
2
ǫabσ.
(5.15)
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All α,α, β, β, ρ and σ are considered as tensors on S2 through the limiting process de-
scribed above. In particular, the covariant derivatives of them with respect to the standard
metric σ˜ab can be computed as follows.
Lemma 5.4. [12, Lemma 3.6]
∇˜cαab =(σ˜caσ˜bd + σ˜cbσ˜ad + ǫcaǫbd + ǫcbǫad)βd
∇˜cαab =
1
2
(σ˜caσ˜bd + σ˜cbσ˜ad + ǫcaǫbd + ǫcbǫad)β
d
∇˜aβb =− 3
4
σǫab +
3
2
ρσ˜ab − 1
2
αab
∇˜aβb =
3
8
σǫab +
3
4
ρσ˜ab − αab
∇˜aρ =− βa − 2βa
∇˜aσ =2ǫab(βb − 2βb).
(5.16)
Contracting with respect to σ˜ab and ǫab, we obtain the following formulae:
Lemma 5.5. [12, Lemma 3.7]
∇˜aαab =4βb, ǫca∇cαab = 4ǫbdβd
∇˜aαab =2βb, ǫca∇cαab = 2ǫbdβd
∇˜aβa =3ρ, ǫab∇˜aβb = −3
2
σ
∇˜aβ
a
=
3
2
ρ, ǫab∇˜aβb =
3
4
σ.
(5.17)
In particular, it follows that ∆˜ρ = −6ρ and ∆˜σ = −6σ.
The covariant derivative in the spacetime N at p in the direction of L is denoted by the
symbol D. For example,
Dαab = ∇NLW (ea, L, eb, L)(p).
Dαab is also considered as a tensor on S
2 through the limiting process and its covariant
derivatives with respect to the standard metric σ˜ab can be computed in the same manner.
Relations similar to equation (5.17) hold among D of the Weyl curvature components.
Lemma 5.6. [12, Lemma 3.9]
∇˜aDβa =4Dρ
∇˜aD2βa =5D2ρ
∇˜a(Dαab) =5Dβb
∇˜a(D2αab) =6D2βb
(5.18)
We have the following expansions for the Weyl curvature tensor.
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Lemma 5.7. [12, Lemma 3.10]
WLaLL = rβa + r
2Dβa +
1
2
r3D2βa +O(r
4)
WLLLL = ρ+ rDρ+ r
2[
1
2
D2ρ− 1
3
|β|2] +O(r3).
(5.19)
We are now ready to compute the expansion of the physical data:
Lemma 5.8. We have the following expansions for σablab, σ
abnab and ηa.
(5.20) σablab = −2
r
+
1
45
r3|α|2 +O(r4)
(5.21) σabnab =
1
r
+ r(σabnab)
(1) + r2(σabnab)
(2) + r3(σabnab)
(3) +O(r4)
and
(5.22) ηa =
r2
3
βa +
r3
4
Dβa + r
4[
1
10
D2βa − 1
45
αabβ
b] +O(r5),
where
(σabnab)
(1) =ρ+ κ2
(σabnab)
(2) =
2
3
Dρ
(σabnab)
(3) =
3
8
D2ρ+
1
30
|α|2 − 11
45
|β|2.
(5.23)
Proof. We rewrite lab as
lab =− rσ˜ab − 2
3
r3αab +O(r
4)
=(−rσ˜ab − 1
3
r3αab)− 1
3
r3αab +O(r
4).
Hence, lˆab, the traceless part of lab, is given by
(5.24) lˆab = −1
3
r3αab +O(r
4).
It follows that
(5.25) σablab = −2
r
+
r3
45
|α|2 +O(r4).
Next we compute ηa. Let
ηa = r
2η(2)a + r
3η(3)a + r
4η(4)a +O(r
5).
From Lemma 5.2, we have
ηa =
1
3
r2βa +O(r
3).
Equation (5.4) is equivalent to
r−1∂r(rηa) =WLaLL + (l
b
a + r
−1δba)ηb.
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By equation (5.19), the right hand side can be expanded into
rβa + r
2Dβa + r
3[
1
2
D2βa − 1
9
αabβ
b] +O(r4).
Integrating, we obtain
η(3)a =
1
4
Dβa
η(4)a =
1
10
D2βa − 1
45
αabβ
b.
For nab, we start with equation (5.3). It is equivalent to
r∂r(r
−1nab) =RLabL − (lcb + r−1δcb)nac +∇aηb − ηaηb
=WLabL + σab − (lcb + r−1δcb)nac +∇aηb − ηaηb.
The equation becomes
r∂r(r
−1nab) =r
2[W¯LabL + κ
2σ˜ab − 1
6
W¯LabL + ∇˜aη(2)b ] +O(r3)
=r2(ρ+ κ2)σ˜ab +O(r
3).
Integrating, we obtain
nab =
1
2
rσ˜ab +
1
2
r3(ρ+ κ2)σ˜ab +O(r
4).
Lastly, we deal with equation (5.6) for σabnab. We decompose
labnab =labσ
acσbdncd
=(lab +
σab
r
)σacσbd(ncd − σcd
2r
) +
1
2
r−1σablab − r−1σabnab + r−2.
(5.26)
Thus equation (5.6) is equivalent to
r−1∂r(rσ
abnab) = r
−2+
1
2
r−1σablab+(l
ab+r−1σab)(nab−1
2
r−1σab)−ηaηa+WLLLL+2κ2+divση.
Notice that
lab + r
−aσab =− 1
3
r3αab +O(r
4)
ncd − 1
2
r−1σcd =r
3(
1
2
(ρ+ κ2)σ˜ab − 1
6
αab) +O(r
4).
We have
r−1∂r(rσ
abnab) =r
2
[
1
15
|α|2 − 1
9
|β|2
]
+ divση +WLLLL + 2κ
2 +O(r3).
Integrating this equation, we obtain the expansion for σabnab.
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σabnab =
1
r
+
r
2
[(ρ+ 2κ2 + (divση)
(0)] +
r2
3
[Dρ+ (divση)
(1)] +
r3
4
[1
2
(D2ρ− 2
3
|β|2)
+ (divση)
(2) − 1
9
|β|2 + 1
15
|α|2
]
+O(r4).
We compute
(divση)
(0) =
1
3
∇˜a(βa) = ρ
(divση)
(1) =
1
4
∇˜aDβa = Dρ
(divση)
(2) =
1
10
∇˜a(D2βa)− 2
15
∇˜a(αabβb)
=
1
2
D2ρ+
1
15
(|α|2 − 8|β|2).
(5.27)
which follows from the expansion of η and the following expansion for γcab:
(5.28) γcab = γ˜
c
ab + r
2γ
(2)c
ab +O(r
3)
where γ˜cab is the Christoffel symbols for σ˜ab and γ
(2)c
ab = −16 σ˜cd(∇˜aαdb+∇˜bαad−∇˜dαab). 
When we compute the small sphere limit in vacuum spacetimes, there are several func-
tions and tensors on S2 which appear repeatedly. These quantities are computed in [12].
We recall the results here. We define the functions W0, Wi and Pk as follows:
W0 =X˜
iX˜jW¯0i0j = ρ
Wi =X˜
jX˜kW¯0kij =
1
2
(βb − 2βb)∇˜bX˜i
Pk =
1
15
W¯0i0kX˜
i − 1
6
W0X˜
k = − 1
30
(βa + 2βa)∇˜aX˜k − 1
10
ρX˜k
(5.29)
Wi are −6-eigenfunctions and Pk are −12-eigenfunctions of the standard Laplacian on S2.
Next, we introduce Rij and Sj . From the expansion of the induced metric σab, we derive
(5.30) σ(0)ab = −1
3
αab and σ˜abγ
(2)c
ab = −
4
3
βc.
Rij and Sj are defined as follows:
Rij =σ
(0)abX˜iaX˜
j
b
=
1
3
[2X˜iX˜kW¯0i0k + 2X˜
jX˜kW¯0k0i + X˜
iX˜jX˜n(W¯0inj + W¯0jni)
− 2W¯0i0j − ρδij − ρX˜iX˜j − X˜n(W¯0inj + W¯0jni)]
Sj =σ˜
abγ
(2)c
ab X˜
j
c
=
1
3
(−4W¯0j0nX˜n + 4X˜jW0 + 4Wj).
(5.31)
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6. Optimal embedding equation
For the rest of the paper, we set κ = 1. This corresponds to choosing Λ = −3 in
the Einstein equation. In this section, we study the limiting behavior of the optimal
embedding equation. We consider the Ads space to be embedded in R3,2 and consider
isometric embeddings of the form:
Y = (Y0, Yi, Y4)
where Y0, Yi and Y4 are the restriction of y0 and yi and y4 to the image of the isometric
embedding.
Similar to the small sphere limit of the Wang–Yau quasi-local mass, we look for solutions
of the optimal embedding equation (Y, T0) of the form
Y0 =
∞∑
i=3
Y
(i)
0 r
i
Yi =rX˜
i +
∞∑
k=3
Y
(k)
i r
k
Y4 =
√
1 +
∑
i
Y 2i − Y 20
(6.1)
and
T0 = A(y
0 ∂
∂y4
− y4 ∂
∂y0
)−Bi(y0 ∂
∂yi
+ yi
∂
∂y0
)− Cj(y4 ∂
∂yj
+ yj
∂
∂y4
) +Dpǫpqry
q ∂
∂yr
.
Remark 4. As mentioned in Remark 3, the quasi-local energy is equivariant and thus it is
natural to consider the embedding of the above form and allow T0 to be a general observer
Killing field.
In this section, we compute the leading order term of the optimal embedding equation
and use it to determine Y
(3)
i . While it is possible to also solve Y
(3)
0 , the set of solutions is
different for the vacuum case and the non-vacuum case. Hence, we defer the determination
of Y
(3)
0 to Section 8 for vacuum spacetimes since it will only be needed for the limit in the
vacuum case.
Recall that the isometric embedding equation of a metric σ into the AdS space in R3,2
is ∑
i
∂aYi∂bYi − ∂aY0∂bY0 − ∂aY4∂bY4 = σab.
For the metric σab on Σr given in (5.9) and the embedding (Y0, Yi, Y4) given in (6.1), the
leading order term of the isometric embedding is the following system of linear equation
on Y
(3)
i
(6.2) ∂aX˜
i∂bY
(3)
i + ∂bX˜
i∂aY
(3)
i = −
1
3
R¯LabL =
1
3
αab − 1
6
R¯ic(L,L)σ˜ab
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Lemma 6.1.
Y
(3)
i = −
1
3
βc∇˜cX˜i + 1
2
ρX˜i − 1
12
R¯ic(L,L)X˜i
satisfies (6.2).
Proof. From Lemma 6.1 of [13], we know that∑
i
∂aX˜
i∂b(−1
3
βc∇˜cX˜i + 1
2
ρX˜i) + ∂bX˜
i∂a(−1
3
βc∇˜cX˜i + 1
2
ρX˜i) =
1
3
αab.
On the other hand, it is easy to see that∑
i
∂aX˜
i∂b(R¯ic(L,L)X˜
i) + ∂bX˜
i∂a(R¯ic(L,L)X˜
i) = 2R¯ic(L,L)σ˜ab.
This finishes the proof of the lemma. 
The data on Σr admit the following expansion
σab =r
2σ˜ab + r
4σ˜
(4)
ab +O(r
5)
|H| =2
r
+ h(1)r +O(r2)
(αH)a =(α
(2)
H )ar
2 +O(r3).
Similarly. the data on the image of the isometric embedding admit the following expansion
|H0| =2
r
+ h
(1)
0 r +O(r
2)
(αH0)a =(α
(2)
H0
)ar
2 +O(r3).
It follows that the quasi-local energy density f admits the following expansion:
f = f (1)r +O(r2)
where f (1) =
h
(1)
0 −h
(1)
A
. In the following lemma, we derive the leading order term of the
Euler–Lagrange equation for the quasi-local energy.
Lemma 6.2. For the observer
T0 = A(y
0 ∂
∂y4
− y4 ∂
∂y0
)−Bi(y0 ∂
∂yi
+ yi
∂
∂y0
)− Cj(y4 ∂
∂yj
+ yj
∂
∂y4
) +Dpǫpqry
q ∂
∂yr
and an isometric embedding of the form (6.1), the leading order term of the Euler–Lagrange
equation is the following equation on (A,Ci) and Y
(3)
0
1
2
∆˜(∆˜ + 2)Y
(3)
0 = ∇˜a(α(2)H )a + ∇˜a(f (1)∇˜aCiX˜i) +
1
2
∆˜(f (1)CiX˜
i).
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Proof. From [13, Theorem 5.4 ], the first variation of the quasi-local energy (up to a factor
of 8π) is
∫
Σ
(δτ)div
[
V 2∇ sinh−1 fdiv(V
2∇τ)
|H0||H| − fV
4∇τ + V 2(αH0 − αH)
]
dΣ
+
∫
Σ
δY i∇¯iV
[
fV (1 + 2V 2|∇τ |2)− 2V∇τ∇ sinh−1 fdiv(V
2∇τ)
|H0||H| + (αH − αH0)(2V∇τ)
]
dΣ
(6.3)
where δτ and δY i are coupled through the isometric embedding equation. Recall that
V 2 =− 〈T0, T0〉 = (A2 −
∑
i
C2i ) +O(r
2)
V 2∇aτ =− (T T0 )a = rCi∇˜aX˜i +O(r2).
As a result,
div
[
V 2∇ sinh−1 fdiv(V
2∇τ)
|H0||H| − fV
4∇τ + V 2(αH0 − αH)
]
= O(1)
while
fV (1 + 2V 2|∇τ |2)− 2V∇τ∇ sinh−1 fdiv(V
2∇τ)
|H0||H| + (αH − αH0)(2V∇τ) = O(r).
Moreover, from the linearized isometric embedding equation, we conclude that
δY i = O(r2).
As a result, the second integral in (6.3) is of higher order in r compared to the first integral
and the leading order term of the Euler–Lagrange equation is simply that the O(1) term
of
div
[
V 2∇ sinh−1 fdiv(V
2∇τ)
|H0||H| − fV
4∇τ + V 2(αH0 − αH)
]
is equal to 0. From the formula in the proof of Theorem 6.2 of [13], we get
(6.4) divαH0 =
1
2
∆˜(∆˜ + 2)Y
(3)
0
by treating the image of the isometric embedding as a small perturbation of the isometric
embedding into the hyperbolic space. The lemma follows from collecting terms. 
7. Small sphere limit of the quasi-local energy in spacetimes with matters
In this section, we compute the small sphere limit of the quasi-local energy and show
that it recovers the matter field at p. More precisely, we show the following:
Theorem 7.1. Let Σr be the family of spheres approaching p constructed in Section 4 and
P denote the set of (Y, T0) admitting a power series expansion given in equation (6.1).
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(1) For any pair (Y, T0) in P, we have
lim
r→0
r−3E(Σr, Yr, T0) =
4π
3
T (e0, Ae0 + Ciei),
where T (·, ·) is the stress-energy tensor at p
(2) Suppose T (e0, ·) is dual to a future directed timelike vector W at p. We have
inf
(Y,T0)∈P
lim
r→0
r−3E(Σr, Yr, T0) =
4π
3
√
−〈W,W 〉.
The infimum is achieved by a unique (A,Ci).
Proof. The quasi-local energy is
1
8π
∫
Σ
[
f(V 2 + V 4|∇τ |2) + div(V 2∇τ) sinh−1(fdiv(V
2∇τ)
|H0||H| )− αH0(V
2∇τ) + αH(V 2∇τ)
]
dΣ
where
f =
h
(1)
0 − h(1)
A
r +O(r2)
V 2 =A2 −
∑
i
C2i +O(r)
V 2∇aτ =rCi∇˜aX˜i +O(r2).
It is easy to see that
E(Σ, Y, T0) = (Ae+ Cip
i)r3 +O(r4)
where
e =
1
8π
∫
Σr
(h
(1)
0 − h(1))dS2
pi =
1
8π
∫
Σr
X˜i∇˜a(α(2)H − α(2)H0)adS2.
It suffices to show that
1
8π
∫
Σr
(h
(1)
0 − h(1))dS2 =
4π
3
T (e0, e0)(7.1)
1
8π
∫
Σr
X˜i∇˜a(α(2)H − α(2)H0)adS2 =
4π
3
T (e0, ei)(7.2)
For (7.1), we consider the Gauss curvature K of Σr. It admits the following expansion
2
√
K =
2
r
+ k(1)r +O(r2)
From Lemma 4.1 of [13], we have
1
8π
∫
Σr
(k(1) − h(1))dS2 = 4π
3
(R¯ic(e0, e0) +
1
2
R¯)
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On the other hand, from the Gauss equation of image of the isometric embedding of Σr in
the hyperbolic space, we have
K = −1 + 1
4
|H0|2 +O(r2)
and thus
k(1) = h
(1)
0 − 1.
As a result, ∫
Σr
(h
(1)
0 − h(1))dS2 =
4π
3
(R¯ic(e0, e0) +
1
2
R¯+ 3) = 8πT (e0, e0).
Next we compute pi. From (6.4), we conclude that∫
S2
X˜i∇˜a(α(2)H0)adS2 = 0.
Using the expansion for divσαH from Lemma 5.3, we have
pi = r3
∫
S2
[
∆˜[
1
2
R¯LLLL +
1
6
R¯ic(L,L) +
1
3
R¯ic(L,L)]
− R¯LLLL − 1
3
R¯ic(L,L)− 1
6
R¯ic(L,L)
]
X˜idS2 +O(r4)
= r3
∫
S2
[
− 2R¯LLLL − R¯ic(L,L)− 1
2
R¯ic(L,L)
]
X˜idS2 +O(r4)
where we apply integration by parts for the last equality.
To evaluate the above integral, we switch to the orthogonal frame {e0, ei}. We have∫
S2
[
− 2R¯LLLL − R¯ic(L,L)− 1
2
R¯ic(L,L)
]
X˜idS2 =−
∫
S2
R¯ic(e0, ej)X˜
jX˜idS2
=− 4π
3
R¯ic(e0, ei).
This finishes the proof of part (1) since R¯ic(e0, ei) = 8πT0i.
For part (2), we recall that from (2.2), we have
A ≥
√
1 + | ~C|2 ≥ 1.
Suppose T (e0, ·) is dual to a future directed timelike vector V . Fixing ~C, T (e0, Ae0+Ciei)
is strictly increasing in A and the minimum of the quasi-local energy can only occur on
the set of observers, O, such that
A =
√
1 + | ~C|2.
From here the Theorem easily follows. 
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Remark 5. While the proof is similar to [12, Theorem 4.1] of the small sphere limit of the
Wang-Yau quasi-local energy, The proof there used [31, Theorem 2.1] which evaluates the
limit of the quasi-local energy under the compatibility condition of mean curvature
lim
r→0
|H|
|H0| = 1.
However, we do not have the corresponding result when the AdS space is used as the refer-
ence. It will be interesting to establish the analog of [31, Theorem 2.1] for the newly defined
quasi-local energy.
8. Small sphere limit of the quasi-local energy in vacuum spacetimes
In this section, we begin the computation of the small sphere limit of the quasi-local
energy in vacuum spacetimes. First, we derive the following lemma about the Gauss
curvature of Σr.
Lemma 8.1. For vacuum spacetimes, the Gauss curvature K of Σr admits the following
expansion
K =
1
r2
+ 2ρ+O(r)
Proof. Recall that the induced metric σ is
σab = r
2σ˜ab +
r4
3
αab +O(r
5)
and αab is traceless. As a result, we have
K =
1
r2
+
1
6
∇˜a∇˜bαab +O(r).
The lemma now follows from Lemma 5.6. 
Next, we solve the optimal embedding equation derived in Lemma 6.2.
Lemma 8.2. For the observer T0 = (A, ~B, ~C, ~D), the solution of the optimal embedding
equation gives
Y
(3)
0 = −
1
3
W0 +
∑
i CiPi
A
.
Proof. Recall that for the vacuum spacetime, we have
|H| = 2
r
+ (W0 + 1)r +O(r
2).
On the other hand, for |H0|, it suffices to compute the mean curvature of the isometric
embedding into the hyperbolic space. From the Gauss equation of the surface into the
hyperbolic space, we conclude that
K = −1 + 1
4
|H0|2 +O(r2)
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As a result, from the above lemma, we have
|H0| = 2
r
+ (2W0 + 1)r +O(r
2)
Hence,
f (1) =
W0
A
.
The rest of the proof is the same as Lemma 6.3 of [13]. 
For each T0, we shall compute 8πE(Σr, Yr(T0), T0) which is given by∫
Σr
f(V 2 + V 4|∇τ |2) + (divV 2∇τ) sinh−1(fdivV
2∇τ
|H||H0| )dΣr
−
∫
Σr
αH0(V
2∇τ)dΣr +
∫
Σr
αH(V
2∇τ)dΣr.
(8.1)
We evaluate the three integrals in the next three sections, respectively and put the results
together in Section 12.
9. The energy component
In this section, we evaluate the first integral in (8.1):∫
Σr
f(V 2 + V 4|∇τ |2) + div(V 2∇τ) sinh−1(fdiv(V
2∇τ)
|H||H0| )dΣr.
It suffices to evaluate
∫
Σr
f [V 2 + V 4|∇τ |2 + (div(V 2∇τ))2|H||H0| ]dΣr since for x small,
sinh−1(x) = x+O(x3).
Denote the expansion of the physical data by
σab =r
2σ˜ab + r
4σ
(4)
ab + r
5σ
(5)
ab +O(r
6)
|H| =2
r
+ rh(1) + r2h(2) + r3h(3) +O(r4)
αH =r
2α
(2)
H + r
3α
(3)
H + r
4α
(4)
H +O(r
5).
Similarly, we have
|H0| =2
r
+ rh
(1)
0 + r
2h
(2)
0 + r
3h
(3)
0 +O(r
4)
αH0 =r
2α
(2)
H0
+ r3α
(3)
H0
+ r4α
(4)
H0
+O(r5).
First we derive the following lemma.
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Lemma 9.1.
V 2 =(A2 −
∑
i
C2i ) + 2(ABiX˜
i −
∑
i
CiDpǫpqiX˜
q)r
+ r2[(BiX˜
i)2 + (CiX˜
i)2 −
∑
i
(DpǫpqiX˜
q)2 + (A2 −
∑
i
C2i )] +O(r
3)
V 4|∇τ |2 =CiCj(δij − X˜iX˜j) + 2r
∑
i
CiDpǫpqiX˜
q
+ ((δij − X˜iX˜j)CiCj +
∑
i
(DpǫpqiX˜
q)2 + g1)r
2 +O(r3)
(div(V 2∇τ))2 =4CiCj(X˜iX˜j)r−2 + (4CiCjX˜iX˜j + g2) +O(r),
where
g1 =
∑
i,j
CiCj(Rij + 2∇˜X˜i∇˜Y (3)j ) + 2ACi∇˜X˜i∇˜Y (3)0
g2 =
∑
i,j
4CiCjX˜
i(Sj − ∆˜X(3)j )− 4ACiX˜i∆˜Y (3)0 ,
and Rij and Sj are defined in (5.31).
Proof. We have
V 2 = −〈T0, T0〉 = (AY 0 + CiY i)2 + (AY 4 +BiY i)2 −
∑
i
(CiY
4 +BiY
0 +DpǫpqiY
q)2
where Y 0 = O(r3), Y i = rX˜i+O(r3) and Y 4 =
√
1 + r2+O(r3). This gives the expansion
for V 2.
For the other two terms, we have
V 2∇τ = −T⊥0 = (AY 0+CiY i)∇Y 4+(AY 4+BiY i)∇Y 0+(CiY 4+BiY 0+DpǫpqiY q)∇Y i.
As a result,
V 4|∇τ |2 =(CiY 4 +BiY 0 +DpǫpqiY q)(CjY 4 +BjY 0 +DmǫmnjY n)(δij − X˜iX˜j)
+ r2
[
σ(0)ab(CiX˜
i
a)(CjX˜
j
b ) + 2(Ci∇˜Y˜ i)(Cj∇˜Y
(3)
j +A∇˜Y (3)0 )
]
+O(r3),
and the formula follows from (5.31) and (6.1). Similarly,
(divV 2∇τ)2 =4
∑
ij
(CiY
4 +BiY
0 +DpǫpqiY
q)(CjY
4 +BjY
0 +DmǫmnjY
n)(X˜iX˜j)r−2
+ 4(CiX˜
i)(Cj σ˜
abγ
(2)c
ab X˜
j
c )− 4(CiX˜i)(Cj∆˜Y (3)j +A∆˜Y (3)0 ) +O(r),
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where
4(CiX˜
i)(Cj σ˜
abγ
(2)c
ab X˜
j
c )− 4(CiX˜i)(Cj∆˜Y (3)j +A∆˜Y (3)0 )
=4CiCjX˜
iSj − 4(CiX˜i)(Cj∆˜Y (3)j +A∆˜Y (3)0 )
=4CiCjX˜
i(Sj − ∆˜Y (3)j )− 4ACiX˜i∆˜Y (3)0 .

With the above lemma, we compute f [V 2 + V 4|∇τ |2 + (div(V 2∇τ))2|H||H0| ].
Lemma 9.2.
f [V 2 + V 4|∇τ |2 + (div(V
2∇τ))2
|H||H0| ]
=Ar(h
(1)
0 − h(1)) + r2[A(h(2)0 − h(2)) +
W0BiX˜
i
A
]+
Ar3
[
(h
(3)
0 − h(3)) +
(h
(2)
0 − h(2))BiX˜i
A2
+
(W0)[g1 +
g2
4 − 3W02 CiCjX˜iX˜j ]
2A2
]
+O(r4).
Proof. From Lemma 9.1, we have
V 2 + V 4|∇τ |2 + (divV
2∇τ)2
|H0|2
=A2 + 2ABiX˜
ir
+ r2
(BiX˜i)2 +A2 + (CiX˜i)2 + g1 + g2
4
− h(1)0
∑
ij
CiCjX˜
iX˜j
 ,
and thus
|H0|
√
V 2 + V 4|∇τ |2 + (divV
2∇τ)2
|H0|2
=A
[2
r
+
2ABiX˜
i
A2
+ r(h
(1)
0 +
A2 + (CiX˜
i)2 + g1 +
g2
4 − h
(1)
0
∑
ij CiCjX˜
iX˜j
A2
)
]
+O(r2).
We can compute |H|
√
1 + |∇τ |2 + (∆τ)2
|H|2
and 1 + |∇τ |2 + (∆τ)2|H0||H| similarly. As a result,
f(1 + |∇τ |2 + (∆τ)2|H||H0|) is equal to
(
4
r
+ (h
(1)
0 + h
(1))r)[(h
(1)
0 − h(1))r + (h(2)0 − h(2))r2 + (h(3)0 − h(3))r3]×
A2 +BiX˜
ir + r2[(CiX˜
i)2 + g1 +
g2
4 −
(h
(1)
0 +h
(1))
2 CiCjX˜
iX˜j ]
A{4
r
+ 4BiX˜
i
A2
+ r[2(CiX˜i)2 + h
(1)
0 + h
(1) +
2g1+
g2
2
−2(h
(1)
0 +h
(1))CiCjX˜iX˜j
A2
]}
.
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Finally we plug in h
(1)
0 = 2W0 + 1 and h
(1) =W0 + 1. 
Lemma 9.3.
lim
r→0
r−5
∫
Σr
f [V 2 + V 4|∇τ |2 + (div(V
2∇τ))2
|H||H0| ] dΣr
=A
∫
S2
(h
(3)
0 − h(3))dS2 −
3CiCj
4A
∫
S2
W 20 X˜
iX˜jdS2
+
CiCj
2A
∫
S2
(W0)[Rij + 2∇˜X˜i · ∇˜(Y (3)j + Pj) + X˜i(Sj − ∆˜Y (3)j + 12Pj)]dS2
Proof. For the volume form, we have dΣr = r
2dS2 + O(r5) from the expansion of metric
in Lemma 5.3. As a result, it suffices to use r2dS2 for the volume form.
For the mean curvature in AdS space,
|H0| = 2
√
K + 1 +O(r3)
since Y0 = O(r
3). Using the Gauss equation of the surface in N , we conclude that
|H0| − |H| = ρr +Dρr2 +O(r3)
That is
(h
(1)
0 − h(1)) =ρ
(h
(2)
0 − h(2)) =Dρ
It follows that for i = 1, 2 ∫
S2
(h
(i)
0 − h(i))dS2 = 0.
Moreover, for parity reason, it is easy to see that∫
S2
W0X˜
idS2 = 0.
Hence, we are left with only the O(r5) terms. We compute∫
S2
W0(g1 +
g2
4
)dS2 =CiCj
∫
S2
W0[Rij + 2∇˜X˜i∇˜(Y (3)j + Pj) + X˜i(Sj − ∆˜Y (3)j + 12Pj)]dS2
−ACj
∫
S2
W0(
2
3
∇˜X˜i∇˜W0 + 2X˜iW0)dS2.
Due to parity, we have ∫
S2
W0(
2
3
∇˜X˜i∇˜W0 + 2X˜iW0)dS2 = 0.
Finally, from Lemma 5.6, we have∫
S2
DρX˜idS2 =
1
20
∫
S2
∇˜a∇˜bDαabX˜idS2 = − 1
20
∫
S2
Dαabσ˜
abX˜idS2 = 0.
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Namely, ∫
S2
(h
(2)
0 − h(2))X˜idS2 = 0.
The lemma follows from Lemma 9.2. 
9.1. Computation of
∫
(h
(3)
0 −h(3)). Suppose Y is the isometric embedding of σ into the
AdS space such that
Y0 =
∞∑
i=3
Y
(i)
0 r
i
Yk =rX˜
k +
∞∑
i=3
Y
(i)
k r
i
Y4 =
√
1 +
∑
i
Y 2i − Y 20
where Y
(3)
0 and Y
(3)
i are given by Lemma 6.1 and Lemma 8.2, respectively.
Let Y ′ be the isometric embedding of σ into the hyperbolic space in the AdS space where
(Y0)
′ = 0
(Yi)
′ = rX˜i + r3Y
′(3)
i + r
4Y
′(4)
i + r
5Y
′(5)
i +O(r
6).
Let A′ be the second fundamental form the embedding Y ′ in the hyperbolic space and
A˚′ be its traceless part.
A˚′ab = r
3A˚
′(3)
ab +O(r
4)
Suppose the Gauss curvature K of σ has the following expansion:
(9.1) 2
√
K =
2
r
+ k(1)r + k(2)r2 + k(3)r3 +O(r4).
We have
Proposition 9.1. The integral
∫
S2
(h
(3)
0 − h(3))dS2 can be written as follows:∫
S2
(h
(3)
0 − h(3))dS2 =
1
2
∫
S2
|A˚′(3)|2σ˜dS2 +
∫
(k(3) − h(3) − 1
4
)dS2 − 2
3
∫
S2
W 20 dS
2
− 30CiCj
A2
∫
S2
PiPjdS
2.
Proof. We first rewrite∫
Σr
(|H0| − |H|)dΣr =
∫
Σr
(|H0| − 2
√
K + 1)dΣr +
∫
Σr
(2
√
K + 1− |H|)dΣr.
We have ∫
Σr
(2
√
K + 1− |H|)dΣr = r5
∫
S2
(k(3) − h(3) − 1
4
)dS2 +O(r6).
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To evaluate
∫
Σr
(|H0| − 2
√
K + 1)dΣr, recall that |H0|2 is given by
(9.2) |H0|2 = −(∆Y0)2 − (∆Y4)2 +
3∑
i=1
(∆Yi)
2 + 4.
since the AdS space is an umbilical hypersurface in R3,2.
Let H ′0 be the mean curvature of Y
′. Similarly, |H ′0| is given by
(9.3) |H ′0|2 = −(∆Y ′4)2 +
3∑
i=1
(∆(Yi)
′)2 + 4.
The Gauss equation of Y ′(Σ) in the hyperbolic space reads
(9.4) 4K = (H ′0)
2 − 4− 2|A˚′|2.
We compute from (9.2), (9.4), and (9.3) that
|H0|2 − 4K − 4 = 2|A˚′|2 − (∆Y0)2 − (∆Y4)2 + (∆Y ′4)2 +
3∑
i=1
(∆Yi)
2 −
3∑
i=1
(∆Y ′i )
2,
where
∆Y0 = ∆(r
3Y
(3)
0 +O(r
4)) = r∆˜Y
(3)
0 +O(r
2)
∆Y4 = O(r
2), ∆Y ′4 = O(r
2) and
3∑
i=1
(∆Yi)
2 −
3∑
i=1
(∆(Yi)
′)2 =
3∑
i=1
∆(Yi − Y ′i )∆(Yi + Y ′i )
=− 4r2X˜i∆˜(Y (5)i − Y
′(5)
i ) +O(r
3).
As a result, we have∫
S2
(h
(3)
0 − h(3))dS2
=
1
2
∫
S2
|A˚′(3)|2σ˜dS2 −
1
4
∫
S2
(∆˜Y
(3)
0 )
2dS2 −
∫
S2
X˜i∆˜(Y
(5)
i − Y
′(5)
i )dS
2 +
∫
S2
(k(3) − 1
4
− h(3))dS2.
To evaluate the second last terms, we need
Lemma 9.4. If we choose Y
(3)
i = Y
′(3)
i and Y
(4)
i = Y
′(4)
i , then Y
(5)
i and Y
′(5)
i are related
by
2∇˜X˜i · ∇˜(Y (5)i − Y
′(5)
i ) = |∇˜Y (3)0 |2.
Proof. This follows directly from the expansion of the metric and the isometric embedding
equation. 
The proposition now follows from the expression of Y
(3)
0 in Lemma 8.2. 
The traceless part A˚ab of hab has the following expansion
A˚ab = r
3A˚
(3)
ab +O(r
4).
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Lemma 9.5.
A˚
(3)
ab = (X˜
i
aX˜
j
b + X˜
i
bX˜
j
a)(−
1
4
W0δij − 1
2
W0i0j).
Remark 6. The proof is the same as Lemma 7.5 of [12] by embedding everything in R3,2
as above.
As result, from Lemma 7.6 of [12], we conclude again that
Lemma 9.6. ∫
S2
|A˚(3)|2σ˜dS2 = 3
∫
S2
W 20 dS
2.
9.1.1. Computing
∫
(k(3) − 14 − h(3))dS2.
Lemma 9.7.
(9.5)
∫
S2
(k(3) − 1
4
− h(3))dS2 = −3
4
∫
S2
W 20 dS
2 − 1
60
∫
S2
|α|2dS2 + 11
45
∫
S2
|β|2dS2.
Proof. First, we compute
∫
k(3)dS2. From (9.1), we have
K =
1
r2
+ k(1) + k(2)r + [k(3) +
(k(1))2
4
]r2 +O(r3).
We also have
dΣr = (r
2 − 1
180
r6|α|2)dS2 +O(r7)
from the expansion of σablab in Lemma 5.8. By the Gauss–Bonnet theorem
∫
Σr
KdΣr = 4π.
Collecting the O(r4) terms from the left hand side, we have∫
S2
k(3) +
(k(1))2
4
dS2 =
1
180
∫
S2
|α|2dS2.
Furthermore, k(1) = 2W0. Hence∫
S2
k(3)dS2 = −
∫
S2
W 20 dS
2 +
1
180
∫
S2
|α|2dS2.
For h(3), we have
h(3) = (σabnab)
(3) − 1
90
|α|2 − (σ
abn
(1)
ab )
2
4
.
Using Lemma 5.8 and Lemma 5.6, we conclude∫
S2
(k(3) − 1
4
− h(3))dS2
=− 3
4
∫
S2
W 20 dS
2 +
1
60
∫
S2
|α|2dS2 −
∫
S2
(σabnab)
(3)dS2 +
∫
S2
W0
2
dS2
=− 3
4
∫
S2
W 20 dS
2 − 1
60
∫
S2
|α|2dS2 + 11
45
∫
S2
|β|2dS2.
(9.6)

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10. Computing the reference Hamiltonian
In this section, we compute the limit of the second integral in equation (8.1):∫
Σr
−αH0(V 2∇τ)dΣr.
First we prove the following lemma about αH0 .
Lemma 10.1. Let Y be an isometric embedding of Σr into the AdS sapce such that
Y 0 = r3Y
(3)
0 + r
4Y
(4)
0 +O(r
5).
We have
(10.1) (αH0)a =
r2
2
∇˜a(∆˜ + 2)Y (3)0 +
r3
2
∇˜a(∆˜ + 2)Y (4)0 +O(r4)
and
divσαH0 =
1
2
(r−2∆)(r−2∆+ 2)(Y
(3)
0 + rY
(4)
0 + r
2Y
(5)
0 )−
r2
2
(∆˜(∆˜− 1)Y (3)0 )+
r2[σ˜acσ˜bdA˚
′(3)
cd ∇˜b∇˜aY (3)0 + Y0∆˜Y (3)0 + 2∇˜W0∇˜Y (3)0 −
1
2
∆˜(W0∆˜Y
(3)
0 )] +O(r
3).
(10.2)
Proof. We may assume, for this lemma alone that T0 =
∂
∂t
since the qualities depends on Y
but not on T0. (10.1) follows from the formula in the proof of Theorem 6.2 of [13] by treating
the image of the isometric embedding as a small perturbation of the isometric embedding
into the hyperbolic space. For (10.2), we use Theorem 5.2 of [13] that a surface in the AdS
space is always a critical point of the quasi-local energy with respect to other isometric
embeddings into the AdS space. That is, we consider a family of isometric embedding Y (s)
such that Y (0) = Y , we have
d
ds
|s=0E(Σ, Y (s), ∂
∂t
) = 0.
As a result, if we consider
H1 =
∫
V ĤdΣ̂
and
H2 =
∫ [√
(1 + V 2|∇τ |2)|H0|2V 2 + div(V 2∇τ)2
− div(V 2∇τ) sinh−1 div(V
2∇τ)
V |H0|
√
1 + V 2|∇τ |2 − V
2αH0(∇τ)
]
dΣ
.
Then
d
ds
|s=0H1 = d
ds
|s=0H2,
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where for the variation of H2, it is understood that H0 and αH0 are fixed at their values
at the initial surface Y (0). On Y (0), we have
V =
√
1 + r2 +O(r4).
We consider a family of isometric embedding such that
d
ds
|s=0Y 0 = O(r3)
and
Zi =
d
ds
|s=0Y i = O(r5)
We conclude that
d
ds
|s=0Y 4 = O(r6)
and
d
ds
|s=0V = O(r6)
In terms of the static coordinate, we have
y0 =
√
1 + r2t+O(r6)
and
Y 0 =
√
1 + r2τ +O(r6).
Let
δτ =
d
ds
|s=0τ
(δσˆ)ab = (1 + r
2)(∂aτ∂bδτ + ∂bτ∂aδτ) +O(r
10)
and Zi satisfies the linearized isometric embedding equation∑
i
∂aY
i∂bZ
i + ∂bY
i∂aZ
i = (1 + r2)(∂aτ∂bδτ + ∂bτ∂aδτ) +O(r
10)
Decomposing Z into the tangential part Pa and normal part fe3 to the surface Σ̂ From
equation (5.6) of [13], we have
(10.3) δĤ +
1
2
hˆab(δσˆ)ab = −∆̂f + 2f + ∇ˆb(P chˆcb).
As a result, we have
δ(V Ĥ) =
√
1 + r2(−1
2
hˆab(δσˆ)ab − ∆̂f + 2f + ∇ˆb(P chˆcb)) + 2f +O(r6)
and
d
ds
|s=0H1
=
∫ √
1 + r2(−1
2
hˆab(δσˆ)ab − ∆̂f + 2f + ∇ˆb(P chˆcb)) + 2f + 1
2
σˆab(δσˆ)ab
√
1 + r2ĤdΣˆ +O(r8)
=
∫ √
1 + r2
1
2
(Ĥσˆab − hˆab)(δσˆ)ab + 4fdΣˆ +O(r8)
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Rewriting the linearized isometric embedding equation in terms of P a and f , we have
∇ˆaPb + ∇ˆbPa + 2fhˆab = (δσˆ)ab
Taking the trace and integrating, we get∫
2fĤdΣˆ =
∫
σˆab(δσˆ)abdΣˆ
It follows that ∫
4fdΣˆ =
∫
rσˆab(δσˆ)abdΣˆ +O(r
8)
and
d
ds
|s=0H1 =
∫ √
1 + r2
1
2
(Ĥσˆab − hˆab)(δσˆ)ab + rσˆab(δσˆ)abdΣˆ +O(r8)
=
∫
δτ(1 + r2)
3
2 ∇ˆa∇ˆbτ 1
2
(Ĥσˆab − hˆab + rσˆab)dΣˆ +O(r8)
=
∫
δτ(1 + r2)∇a∇bY 0 1
2
(Ĥσˆab − hˆab + rσˆab)dΣˆ +O(r8).
On the other hand, direct computation (see Theorem 5.2 of [13]) gives that
d
ds
|s=0H2 =
∫
(1 + r2)δτ
[
div(|H0|∇Y 0) + ∆∆Y
0
|H0| − divαH0
]
.
We conclude that
divαH0 = ∆
∆Y 0
|H0| + div(|H0|∇Y
0)− 1
2
((
1
2
|H0|+ r)σab − A˚ab))∇a∇bY 0 +O(r3).
since
d
ds
|s=0H1 = d
ds
|s=0H2,
for any choice of δτ 
Proposition 10.1.
lim
r→0
−r−5
∫
Σr
αH0(V
2∇τ)dΣr = 4
3
A
∫
S2
W 20 dS
2 − 10CiCj
A
∫
S2
X˜iW0PjdS
2.
Proof. We compute
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∫
Σr
αH0(V
2∇τ)dΣr
=
∫
Σr
αH0
[
(AY 0 + CiY
i)∇Y 4 + (AY 4 +BiY i)∇Y 0 + (CiY 4 +BiY 0 +DpǫpqiY q)∇Y i
]
dΣr
=
∫
Σr
αH0
[
A∇Y 0 + (CiY 4 +DpǫpqiY q)∇Y i
]
dΣr +O(r
6)
=
∫
Σr
αH0
[
A∇Y 0 + (Ci(1 + r
2
2
) +DpǫpqiY
q)∇Y i
]
dΣr +O(r
6)
=
∫
Σr
αH0
[
A∇Y 0 + Ci∇Y i
]
dΣr +O(r
6).
In the last equation, we used (10.1) and that Y
(3)
0 is perpendicular to X˜
i. Integrating by
parts, we get
−
∫
Σr
αH0(V
2∇τ)dΣr =
∫
Σr
(AY 0 + CiY
i)divαH0 +O(r
6)
The proposition now follows from Proposition 8.1 of [13]. 
11. Computing the Physical Hamiltonian
In this section, we compute the limit of the third integral in equation (8.1):
−
∫
Σr
αH(V
2∇τ)dΣr.
Proposition 11.1.
lim
r→∞
−r−5
∫
Σr
αH(V
2∇τ)dΣr =
∫
S2
[
4A
3
W 20 +
2
3
CiWiW0 − (CiX˜i)|β|2
]
dS2.
Proof. We compute
∫
Σr
αH(V
2∇τ)dΣr
=
∫
Σr
(αH)
[
A∇Y 0 + (CiY 4 +DpǫpqiY q)∇Y i
]
dΣr +O(r
6)
=
∫
Σr
(αH)
[
A∇Y 0 + (Ci(1 + r
2
2
) +DpǫpqiY
q)∇Y i
]
dΣr +O(r
6)
From Proposition 9.1 of [12], we have∫
Σr
(αH)
[
A∇Y 0 + Ci∇Y i
]
dΣr = r
5
∫
S2
[
4A
3
W 20 +
2
3
CiWiW0 − (CiX˜i)|β|2
]
dS2 +O(r6)
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As a result, it suffices to show that∫
Σr
(αH)
[
(
r2Ci
2
+DpǫpqiY
q)∇Y i
]
dΣr = O(r
6)
or simply that ∫
S2
α
(2)
H (∇˜X˜i) =0∫
S2
α
(2)
H (ǫpqiX˜
q∇˜X˜i) =0∫
S2
α
(3)
H (ǫpqiX˜
q∇˜X˜i) =0.
The first integral vanishes due to Theorem 6.1 and that the spacetime is vacuum. For the
other two integrals, we recall that
(11.1) ηa =
r2
3
βa +
r3
4
Dβa + r
4[
1
10
D2βa − 1
45
αabβ
b] +O(r5),
αH is the same as η up to a gradient vector field and the rotation Killing field ǫpqiX˜
q∇˜X˜i
is divergence free. Hence, it suffice to show that∫
S2
β(ǫpqiX˜
q∇˜X˜i) =0∫
S2
Dβ(ǫpqiX˜
q∇˜X˜i) =0.
From Lemma 4.7 and 4.9, we have
4
∫
S2
β(ǫpqiX˜
q∇˜X˜i) =
∫
S2
∇˜aαab(ǫpqiX˜q∇˜X˜i) = 0
5
∫
S2
Dβ(ǫpqiX˜
q∇˜X˜i) =
∫
S2
∇˜aDαab(ǫpqiX˜q∇˜X˜i) = 0.

12. Evaluating the energy
From Lemma 9.3, Proposition 9.1, 10.1 and 11.1 and Section 10 of [12], we conclude
immediately that
lim
r→0
r−5E(Σr, Yr(T0), T0) =
1
90
[
Q(e0, e0, e0, Ae0 + Ciei) +
∑
m,n W¯
2
0m0n
2A
]
.
To minimize E(Σr, Yr(T0), T0) among choices of T0, let
E(Σr, Yr(T0), T0) = E(Σ, Y (T0), T0)
(5)r5 +O(r6).
We consider the following vector
U = (
1
2
∑
W¯ 20kmn +
∑
W¯ 20m0n, 2
∑
W¯0m0nW¯0min).
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U is future directed non-spacelike. It is timelike unless the Weyl curvature is of the form
given by [10, Lemma 11.2].
It is easy to see that the energy functional E(Σ, Y (T0), T0)
(5) is non-negative. Moreover,
it is positive and proper when U is timelike. Hence, when U is timelike, there is at least
one choice of T0 = (A,Ci) which minimizes E(Σ, Y (T0), T0)
(5). We show that under the
same condition, the minimizer is unique.
Lemma 12.1. If V is timelike, there is a unique (A,Ci) that minimizes E(Σ,X(T0), T0)
(5).
Proof. From the remark after Proposition 2.1, we have
A ≥
√
1 + | ~C|2 ≥ 1.
Moreover,
E(Σ, Y (T0), T0)
(5) =
1
90
[
Q(e0, e0, e0, Ae0 + Ciei) +
∑
m,n W¯
2
0m0n
2A
]
where
Q(e0, e0, e0, Ae0 + Ciei) = (
1
2
∑
k,m,n
W¯ 20kmn +
∑
m,n
W¯ 20m0n)A+ 2
∑
m,n,i
W¯0m0nW¯0minCi.
Hence, fixing ~C, E(Σ, Y (T0), T0)
(5) is increasing in A and the minimum can only occur on
the set of observers, O, such that
A =
√
1 + | ~C|2.
From the proof of [10, Lemma 11.3], E(Σ, Y (T0), T0)
(5) is a strictly convex function of
(C1, C2, C3) on O. This finishes the proof of the lemma 
As a result, we have the following theorem for the small sphere limit of the quasi-local
energy in vacuum spacetimes with reference in the AdS space:
Theorem 12.1. Let Σr be the family of spheres approaching p constructed in Section 4.
(1) For each observer T0 in the AdS space, there is a pair (Yr(T0), T0) solving the leading
order term of the optimal embedding equation of Σr (see Lemma 6.1 and 8.2). For
this pair (Yr(T0), T0), we have
lim
r→0
r−5E(Σr, Yr(T0), T0) =
1
90
[
Q(e0, e0, e0, Ae0 + Ciei) +
∑
m,n W¯
2
0m0n
2A
]
.
(2) Suppose Q(e0, e0, e0, ·) is dual to a timelike vector. Let P denote the set of (Y, T0)
admitting a power series expansion given in equation (6.1). We have
inf
(Y,T0)∈P
lim
r→0
r−5E(Σr, Y, T0) = inf
(A,Ci)∈H3
1
90
[
Q(e0, e0, e0, Ae0 + Ciei) +
∑
m,n W¯
2
0m0n
2A
]
.
where H3 denotes the set of unit timelike future directed vector in R3,1. The infimum
is achieved by a unique (A,Ci) ∈ H3.
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